Sensors, Signals and Noise '

COURSE OUTLINE

* Signals
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Set-Up for Sensor Measurements

PREAMPLIFIER

SENSOR (or FRONT-END) FILTERING

B S - = =

SIGNIFICANT SIGNIFICANT

Noise Noise NEGLIGIBLE NEGLIGIBLE
of Sensor of Preamp circuits Noise Noise
(or Front-end) of Filtering circuits of Meter circuits
(hopefully!) (hopefully!)
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Mathematical Description of Signals

 Time domain and frequency domain analysis
* Energy signals and correlation functions
* Energy Spectrum

* Power signals, Correlation Functions and Power Spectrum

* Book: Fourier transform and properties

e Book: Crosscorrelation and Convolution
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Time domain and frequency domain
analysis of signals
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Signals: mathematical description

* Signals = electric variables x (voltage, current ...) that carry information
* Inthe domain of time t : deterministic functions x = x(t)

® Data
— Fit

System
Response

Time (ns)

Example: exponential pulse

1.00

Exciting Pulse t
x = 1(t)e” /T

Fluorescence

Intensity

l/e

t

Time

In the domain of frequency f (Fourier transform domain) can be considered
linear superposition (sum) of elementary sinusoid components
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LIDAR application

‘ Power
—)

Emission

Time ¥ Altitude

Pulse width (W)
Peak e Time-of-flight (At)
pulse
power —L M
| J— " »Time
Emitted Reflected
laser beam laser pulse

Emitted laser pulse

Reflected laser pulse ﬂ

time

Example: rectangular pulse

W

€ >l
$A
>
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RECALL
FONDAMENTI DI SEGNALI E TRASMISSIONE
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FONDAMENTI DI SEGNALI E TRASMISSIONE

1. Segnali e sistemi continui

Sistemi Lineari Tempo-Invarianti: risposta impulsiva, convoluzione, correlazione.
Rappresentazione dei segnali nel dominio della frequenza: trasformata e serie di Fourier.

Densita spettrale di energia e potenza.
Dal tempo continuo al tempo discreto: teorema del campionamento, ricostruzione ed

equivocazione nel tempo e nelle frequenze.
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Recall: frequency domain

Signals as linear superposition (sum) of elementary sinusoid components

+ oo

X(t) = f X(f)e2mt df

— 00

* X(f) = Fourier transform of x(t)
* X(f) is complex : Module and Phase

(or Real and Imaginary parts)

X(f) = F[x(t)] = [ x(t)e~ 2"/t dt
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Recall: Convolution

Constant-parameter linear filters (NO switches, NO time-variant components!!)

are characterized by

H(f) transfer function in frequency domain H(f) = F[h(t)]
h(t) &-response in time domain h(t) = F1H(f)]
x(at) y(t)
Signal in  —>, h(a) 5 Signal out

The input x(a) can be described as a linear superposition (sum) of elementary
6-pulses of amplitude x(a)da
THEREFORE

the output y(t) can be described as a linear superposition (sum) of elementary
6-pulse responses x(a)do h(t-a)
¥

y© = %@ «h(@) = | x(@h(t - da \e_”“’ge\k/
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Recall: Computing the convolution

+ _h_(a)__J\::\ §-response
y(t) = f x(@)h(t — a)da . | -

reversed O6-response

—_M delayed by T

>

x(e) y(t)
—_ h(a) —> : :
input signal
=
w area = y(T)
N a
-._ output signal
t
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Recall: Computing the convolution

I I | T T T I I I

1] s EEEERPREPE — |:]ﬁnea under f(xgit-) [
1) | e — e RN S——— Y A f(x)
1] PR e Y U P att-v)

: : ; ; (f+gt)
[)4_. .......... \ .................... .......... . " -
og-é .......... e SRNIV] (PR S e e e e -

0 ! 1 ! i 1 ! 1
2 1.5 1 0.5 0 0.5 1 1.5 2
&t
| I | I I | | | || 1
1-.: ......... . ":]Maunderf(t:g(t-t)'

; : ; ; ; ; f(x)

; ; ; : ; |9t
045 _ ......... ......... .................. ....... ......... (f‘gn)

0 | | l | | | | | I
1.5 1 0.5 1] 0.5 1 1.5 2 25 3
&t

How does it change the convolution changing the exponential decay time?
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Energy signals and correlation functions
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Signal Energy

The Energy E of a signal x(t) is defined as

T [o'e)
E = Tlim x*(a)da = sz(a)da
-T —00

Signals x(t) with finite E are called energy-signals. Typical example: pulse signals

INTUITIVE VIEW OF ENERGY:
Let x(t) be a voltage pulse on a unitary resistance R=1 Q, —

Power=V?/R then E is the energy dissipated in R by the pulse
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Signal Auto-Correlation Function (Energy-type)

co

T
k(1) = Th_rEo jx(a)x(a + 7)da = j x(a)x(a + 1)da
=T

—CO

k..(t) gives the degree of similarity of x(t) with itself shifted by t

Energy = Autocorrelation at zero-shift

<

Kxx(0) = E REH>€”RER
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Signal Auto-Correlation Function (Energy-type)

oo

k(1) = j x(@)x(a + 1)da

— 00

Case: exponential decay

X = 1(t)Ae‘t/Tp

Kyx (T) = A2 % e_lrl/TP

- ]
$ a
] T "
x(o+T)
i ! —>
o a
Kx
' / kxx (T)
’ ‘\
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Signal Auto-Correlation Function (Energy-type)

oo

k(1) = J x(@)x(a + 1)da

— 00

Case: double pulse (exponential)

_t _{t-TRr)
x =1(t)Ae TP + 1(t — Tg)Ae Tp |
ﬁ' Te

N
—
]

T, _lt T, _IT-TR| T, _IT+TR|
kyx(T) = 242" e /TP+A2?e /TP+A2;e /1
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T O
Signal Cross-Correlation Function (Energy-type) -

co

T
Kyy (T) = '111_1)‘210 fx(a)y(a + 7)da = J x(a)y(a + 1)da
-T

— 00

e x(t) and y(t) are two different signals of energy-type

* k,(t) gives the degree of similarity of x(t)

with y(t) shifted by t to left (towards earlier time)

* Various denominations for k,,(T) :
Cross-Correlation function of x and y

Mutual-Correlation function of xand y
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Cross-Correlation obtained by Convolution

Convolution | g
xxy=2z(T) y(a) :
is different from Crosscorrelation k., (T) ! ' a
T 4
However A
X |
Convolution with first term reversed | ; a»
: |
x(—a a) =u(T — — \
(—a) *y(a) (T) x(—a)y(T a)éé f -
is equal to Crosscorrelation ; a
u(T) = Kxy(T) u. '
et N u(T) = k,.,(T
ORI (1) = Ky (1)
kxy(T) =x(—a) *y(a) - ! : S o
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Cross-Correlation obtained by Convolution
kxy(T) u(T) = x(—a) xy(a)

\_ L L g
i :\ y(a) \‘

| |

_J\ y(ar+T) y(i—_it)/\
; - | ; —

N x(a) x(-a) J] '

A M) xayr-af L -~

oy (T) ()

-~

-
.
N ’
. - . '
’ -~ v -
. - . -.
- -~ .
. Yoy ing ‘ = -
i - ’ s —1 _’_
'
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Energy Spectrum
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Energy Spectrum

Energy signal x(a) with Fourier transform X(f): by Parseval’s theorem

E= [ x*()da=[" |X(2df =2 [ |1X(F)Idf

S(f) = 1X(f)|? is called the Energy Spectrum of the signal x(a)

INTUITIVE VIEW OF ENERGY SPECTRUM:

(1) Let x(t) be voltage on a unitary resistance R=1 Q
(2) x(t) = sum of sinusoid components with frequency f and amplitude |X(f)|df
(3) Sinusoids are orthogonal functions : No power from multiplication of different

components (different f)

Every component (at frequency f) contributes an energy:

dE=2 |X(f)I*df
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Energy Spectrum

e Alternative definition of the Energy Spectrum is

and by a basic property of Fourier transforms

T O
23

&HE/{RER

0.0)

F =l = |

— OO

0.0)

S, (Fdf = [ X(P)l2df |l

9
REHF/{&&'R
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T O
Example of Energy, Autocorrelation and Energy Spectrum -

‘ﬂ\l\\““ “

e | » 1
Vp ‘\ Exponential pulse:  x(t) =Vpe Tp X(f) = VPTPm

Autocorrelation Ko (T) = szﬂe—'T'/TP
function: 2
Tp
Energy: E=k,,(0)= Vp7 -—
S
- ) Energy Spectrum: Sx(f) =IX(NH? = V2T p1+(2:fT 7
VETp

Energy: o0 Tp

_____/ _; gY E—= f_oon(f)df — VPZE —
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Power signals, Correlation Functions
and Power Spectrum
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Signal Power

For signals x(t) that have NOT finite energy E - oo (DC, sinusoids, periodic signals, etc. )
the Power P is defined as the time—average

P = lim X (a)
T—0o 2T
-T
Parseval theorem is valid for the entire integral fjozo
but NOT for the truncated integral f_+TT

For computing P in f domain instead of truncated integral we use truncated signal x;(t)

xp(a) =x(a) for |a| <T
xr(a) =0 for |a| >T

We can thus exploit Parseval theorem: with X;(f) = F[x7(a)] we get

P — hm foo xT ((l) dO(— hmf |XT(f)| df f llm |XT(f)| df

T — o0 T — o0 O TS0

The Power Spectrum of the signal x(a) is defined as the integrand

sdf)=im PO and P = [ S.(Ndf
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Signal Auto-Correlation Function (Power-type)

Just like power P, the autocorrelation of power signals is defined as time-average

T
x(a)x(ax+71
K. (7) = Tll_r)rgo j ( )Z(T )da notethat P =K,,(0)
-T

. . : T
Also here we use truncated signal x;{a) instead of truncated integral f_T

T fo'e)
. x(a)x(a + 1) . xr(a)xr(a + 1)
Kax(7) = Jim, j o de= i j 2T da
-T — 00
NB1: for finite T it is f_TTx(a)x(a + 17)da # ffooo xr(a)xr(a + 7)da
but for Tlim the = isvalid
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Signal Auto-Correlation Function and Power Spectrum

k T
K,x(7) = 711—{130 xa;;w( )

An alternative definition of signal Power Spectrum is

and

Sx = FKyx (7]

P = Ky (0) = f_oooon(f)df
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Signal Cross-Correlation Function (Power-type)

T 106
j x(a)y(a + 1) de = Tim J xr(a)yr(a+ 1) i
2T TS 2T

=T —00

K.y (t) = lim

T —o0

x(t) and y(t) are two different signals, both power-type

K,,(t) measures the degree of similarity of x(t) with y(t) shifted by t
to left (towards earlier time)

If even only one of the two signals x(t) and y(t) is energy-type
the energy type cross-correlation k,,(t) must be employed

(in fact, the power-type crosscorrelation vanishes K,,(t) = 0
and the energy-type crosscorrelation k,,(t) is finite).
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Energy-signals and power-signals compared 30

Energy-type (pulses etc.)

Energy FE = fjoooxz(a)da
Autocorrelation

k(D) = [ x(@)x(a + 7)da

Energy spectrum

Sxe= Flkxx(T)] = 1X(H)I?

and

E = f_oooo Sxe (f)af

Power-type (periodic waveforms etc.)

2
Power P = lim [ 7~ 9D da
T—oo”~T 2T

Autocorrelation

K, (1) = 711_{20 f_TT x(a);c;aw) da

Power spectrum

2
. Xr ()
Sxp= F[Kyx(T)] = 711_1;210%
and
P= [ sepnar
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